ABSTRACT. We introduce and study t-coverings in E n , i.e., arrangements of proper translates of a convex body K ⊂ E n sufficient to cover K. First, we investigate relations between t-coverings of the whole of K and t-coverings of its boundary only. Refining the notion of t-covering in several ways, we then derive, particularly for centrally symmetric convex bodies and n = 2, theorems which are interesting for the geometry of normed planes. These statements are related to respective generalizations of Tiţeica's and Miquel's theorem as well as to notions like Voronoi regions. We also compare t-coverings with coverings in the spirit of Hadwiger, using smaller homothetical copies of K instead of proper translates. This is done via a slight modification of Boltyanski's and Hadwiger's notion of illumination. Finally, we give upper bounds on the cardinalities of t-coverings.
Introduction.
There is a large variety of covering problems in the spirit of discrete and combinatorial geometry interesting also for applied disciplines. One of the most famous and still unsettled covering problems of such a type was posed by Hadwiger: how many smaller homothetical copies of a convex body K ⊂ E n are needed to cover K? There are many papers and partial results about this problem (see the survey in [5, Chapter VI]). It is surprising that only a few results are known on the following related covering problem: How many proper translates of K are sufficient to cover K itself? Such a covering of K by proper translates of it is called a translative covering or, in short, t-covering of K. We should mention that the notion of translative covering already occurs in the literature but with different motivations and meanings; see, e.g., [7, 10] .
This notion yields, as we will show, interesting research problems and variations of problems from the mathematical literature. For example, refinements of such coverings have applications in the geometry of normed planes, and the strongly related Boltyanski-Hadwiger notion of illumination (see [3, 14] ) is used in [3, 4, 15] and in many other papers as a method of attacking Hadwiger's covering problem; for a survey, again see [5, Chapter VI].
First we study the relation between t-coverings of a convex body K ⊂ E n and the coverings of its only boundary by proper translates of K. For n = 2 and K being centrally symmetric, these relations lead us in a natural way to new results on special, in a sense optimal t-coverings of discs and circles in normed planes, which correspond to basic theorems on circle arrangements (namely, to generalizations of Tiţeica's and Miquel's theorem) and to notions like Voronoi regions for such planes. Here the case of strictly convex normed planes plays an essential role. Introducing the notion of t-illumination and comparing it with the Boltyanski-Hadwiger notion of h-illumination, we also clarify how t-coverings are related to "h-coverings," i.e., to coverings by smaller homothetical copies in the sense of Hadwiger. (Note that, seemingly closer to t-coverings, Levi [18] investigated coverings of convex bodies by the interiors of proper translates. However, it turns out that Levi's coverings are equivalent to h-coverings.) As we will see, already the comparison of h-and t-coverings yields interesting problems and results. Finally, we give upper bounds on t-covering numbers by completely clarifying the planar situation, using partial results on hcovering numbers in higher dimensions, and also showing how various notions from discrete geometry (like antipodality) are related to this framework.
Let K ⊂ E n denote a convex body, i.e., a compact, convex set with non-empty interior in E n . We write bd K and int K for the boundary and interior of K, respectively. In addition, we use aff, conv, int and relint for affine hull, convex hull, interior and relative interior, and o denotes the origin. We write h(K) for the h-covering number of K, i.e., the minimal number of smaller homothetical copies of K sufficient to cover K. Sharp upper bounds on h(K) are unknown for n ≥ 3. A family of proper translates of a convex body K ⊂ E n covering K itself is said to be a t-covering of that body. We also consider coverings of bd K by proper translates of K. We write t(K) for the smallest number of proper translates that are sufficient to cover K, and it is natural to call t(K) the t-covering number of K. Only a few results on t-coverings are known; see [1, 11] . Proof. Assume that bd K is covered by proper translates
Observe that there exists a real λ with 1 ≥ λ > 0 such that every set K
by the convexity of K and by the description of K
For every p ∈ K \ {x}, take the intersection point p x of bd K with the ray from x through p. By our assumption, p x ∈ K ∩ K i for an i ∈ {1, . . . , m}. Thus, by the conclusion of the preceding paragraph,
The above proof is similar to the consideration from the paper [16, pages 271-272].
In [1, Remark 7] , Asplund and Grünbaum conjectured that, in our terms, for a centrally symmetric convex body K ⊂ E n , the following implication holds: if bd K is covered by n + 1 proper translates of K, then K is covered by these translates. (For n = 2, they give a proof of this in [1]; see below.) The following example shows that this implication does not hold if the assumption of central symmetry is deleted.
Example 2.2. The boundary of every non-degenerate n-simplex S ⊂ E n may be covered by n+1 proper translates of S which do not cover S. Since we may apply an affine transformation, consider only the regular n-simplex of height 1. As the promised n + 1 proper translates we take translates by (n − 1)/n units in the directions from the centroid of S to its vertices. Then the boundary of S is covered, but the centroid of S is not.
As already mentioned, Asplund and Grünbaum proved that if K is a centrally symmetric convex body in E 2 and bd K is covered by three proper translates of K, then K itself is completely covered by these three translates; see [1, Theorem 8] . Inspired by this, we investigate in this section only t-coverings of planar, centrally symmetric convex bodies in the spirit of the geometry of finite-dimensional Banach spaces, also called Minkowski geometry. More precisely, if K ⊂ E 2 has a center of symmetry, we interpret it as the unit disc (and its boundary as the unit circle) of a normed plane and write B instead of K and C instead of bd K. (For the geometry of normed planes and spaces we refer to the monograph [26] and to the survey [22] .) Further on, speaking in the sequel about discs and circles, we mean homothetical copies of B and C, respectively. We say that a normed plane is strictly convex if C does not contain a non-degenerate line segment.
Remark 2.1. Two circles in a strictly convex normed plane have at most two points in common; see, e.g., [22, Proposition 14]. Let C 1 and C 2 be two intersecting circles of the same radius. If C 1 ∩ C 2 = {p, q} (it is possible that p = q), then p, q and the centers x 1 , x 2 of C 1 and C 2 , respectively, form a Minkowskian rhombus, i.e., a quadrangle whose sides are of the same lengths. The fact that any Minkowskian rhombus in a strictly convex normed plane is a parallelogram ( [22, Proposition 12] ) implies the equality
We define the multiplicity of the covering of the boundary bd K of a convex body K by the interiors of convex bodies K 1 , . . . , K m as the largest number k such that every point of bd K belongs to at most k from amongst the sets int K 1 , . . . , int K m (see Figures 1 and 2 for examples of coverings of multiplicity 2 and multiplicity 1, respectively). A similar notion, the multiplicity of a covering of the space by balls, is treated in [7, 10] .
Let B be a centrally symmetric convex body, and let a family B = {B 1 , . . . , B m } consist of proper translates which cover the boundary C of B. In what follows, all coverings that we take into account consist of translates of B. If B is strictly convex and B is a covering of C of multiplicity 1, then any point of C belongs either to the interior of exactly one element of B or to the boundaries of exactly two elements of B. Indeed, if a point x ∈ C belongs to bd B i and bd B j and there is a translate B k with B k ∋ x, then, e.g., by [22, Proposition 22] , an arc of C with endpoint x lies in B k . The strict convexity of B implies that only the endpoints of this arc belong to bd B k . But a part of this arc also belongs to the interior of either B i or B j , which contradicts the multiplicity 1. Due to this fact there exist exactly m points p 1 , . . . , p m such that p i ∈ bd B i ∩ bd B i+1 for i = 1, . . . , m, where B m+1 = B 1 . We call these points the skeleton of the covering B. We mention two coverings of C which have multiplicity 1. For n = 2 and m = 3, the boundaries of B i intersect in exactly one point. This statement is known as Tiţeica's theorem, and in this form it was proved by Asplund and Grünbaum in 
Proof. Let us fix p 1 and p 2 , and let p 3 move along the semicircle A of C with endpoints −p 2 [3, 14] , permits the expression of the h-covering problem of Hadwiger in terms of illumination. Below we introduce an illumination type somehow related to t-coverings. Based on this, it is easy to observe new results which are certainly stimulating for further research on t-coverings.
On translative coverings in terms of illumination. A suitable notion of illumination, introduced in
We say that a boundary point x of a convex body K ⊂ E n is tilluminated by a direction δ if there exists a different point y ∈ K such that the vector ⃗ xy has direction δ. And we note that this definition still makes sense if the word "boundary" is omitted. The related illumination of the boundary of K ⊂ E n introduced in [3, 14], referring to Hadwiger's covering problem, and the number h(K) are defined as follows: A boundary point x of K is h-illuminated by a direction δ if there is some interior point y of K such that the vector ⃗ xy has direction δ. The comparison of both definitions shows that differences in the illumination of boundary parts of K occur only in one situation, namely, when K has non-degenerate segments in its boundary which are parallel to the illumination direction. More precisely, if the direction δ is parallel to a non-degenerate segment I ⊂ bd K, say, then all x ∈ I are not h-illuminated, but all of them, except for one of the two endpoints of I, are t-illuminated. For all other boundary points of K, both illumination (or covering) types are equivalent. Various further types of illumination and visibility, discussed in the expository paper [20], might also be compared with t-illumination.
For the following theorem, we denote by i(K) the smallest number of directions sufficient to t-illuminate the whole of bd K.
Theorem 3.1. For every convex body K ⊂ E n we have i(K) ≤ t(K).
Proof. 
using induction over k ∈ {1, . . . , m}. Assume that, for any such k, we have sets
In order to construct V k , we consider the sets
and H k = bd K \ W k . Since F k and H k are closed and disjoint, we may consider their distance h k = min{∥x − y∥ : x ∈ F k , y ∈ H k } and choose some positive ε < h k with setting
confirming the existence of sets V 1 , . . . , V m which satisfy (1).
For each x ∈ W i , let l i (x) be the ray with starting point x in direction δ i . Since x is t-illuminated by −δ i , l i (x) \ {x} ∩ K ̸ = ∅, and the point of this set having largest distance to x is denoted by y i ̸ = x. Thus, the segment [x, y i ] has length f i (x) > 0, yielding a positive function on W i , also continuous by the convexity of K. The compactness of cl V i ⊂ W i implies that there is some q i > 0 such that, for all x ∈ cl V i , the relation f i (x) > q i holds. Thus, denoting the translation via −δ i , with
. . , m. Now let y 0 be an arbitrary interior point of K. Then q i from above can be chosen sufficiently small such that y 0 ∈ π
and since y 0 and x ∈ cl V i lie in the convex set
Corollary 3.1. Let K ⊂ E n be a convex body, and assume that a system of a minimum number of directions that t-illuminates bd K has the property that the subsets of bd K t-illuminated by them are open in bd K. Then t(K) = i(K).

Corollary 3.2. Let K ⊂ E n be a strictly convex body. Then i(K) = t(K).
In the planar situation, we get even more.
Corollary 3.3. Let K ⊂ E 2 be a convex body. Then i(K) = t(K).
Proof. We have t(K) = 2 if and only if bd K contains two parallel segments (see Proposition 5.2 below), and it is obvious that only in this case also i(K) = 2. By Proposition 4.3 below, we have h(K) = t(K) if and only if bd K does not contain parallel segments. We also have h(K) ≥ 3 (see [5]) and, obviously, h(K) ≥ t(K) ≥ i(K) as well as
4 > h(K) for all non-parallelograms (which satisfy t(K) = 2). Thus, t(K) = i(K) = 3 for all convex bodies K ⊂ E 2 without parallel boundary segments.
Unfortunately, for n ≥ 3, in general the equality i(K) = t(K) does not hold. We wish to thank Christian Richter (FSU Jena) for bringing the following counterexample to our attention. • . Then (K + v) ∩ aff S is an (n − 1)-ball of radius 1 − v n < 1 (degenerate for v n ≥ 1), which is completely contained in conv S. This (n − 1)-ball intersects S in at most one point, i.e., K + v covers at most one point from S. Analogously, a second translate of K is needed to cover (0, . . . , 0, 1), and this intersects S again in at most one point. The remaining needed translates of K have to cover S, except for two points of S. Since they are closed, they cover S completely even. If we would have only ≤ n − 1 translate of K for this, then it would have to cover a pair of diametrical points of S (Borsuk-Ulam theorem). This is only possible with the translation vector (0, . . . , 0), a contradiction. Thus, at least n translates are needed for covering S, and therefore t(K) ≥ n + 2.
One can easily prove various further theorems on t-illumination.
Here is an example. If x denotes a non-extreme boundary point of a convex body K ⊂ E n which is not strictly convex, then x is from the relative interior of some boundary segment yz with z as extreme point of C. If z is t-illuminated by some direction v, then there is some point z + λv ∈ K, λ > 0. Since then also the triangle with vertices y, z, λv is contained in K, there is some x + νv, 0 < ν < λ, also belonging to K, and so x is also t-illuminated by v. Therefore, we have Proposition 3.1. The boundary of a convex body K ⊂ E n is completely t-illuminated by a system V of directions if and only if the set of extreme points of K is t-illuminated by V .
Comparison of two covering numbers and some consequences.
Since any smaller homothetical copy of a convex body K is contained in a translate of K, we obviously have:
Lemma 4.1. Let K ⊂ E n be a convex body, let v be a vector and let
This and x ∈ y(y + v), which follows from y = z + λv, x = z + v and
If, in addition, K is strictly convex and 0 < λ < 1, then the chosen point x ∈ K ∩ (K + v) hast to be an interior point of K + λv.
Proposition 4.1. For every strictly convex body
Proof. Assume that K is covered by proper translates K + v k for k = 1, . . . , m, where every v k is a non-zero vector. Then K is covered by proper translates K + (1/2)v k for k = 1, . . . , m. By Lemma 4.1 the set
Hence, every P k is covered by a homothetical copy of K +(1/2)v k with a positive ratio smaller than 1. Thus, it is also covered by a homothetical copy of K with a positive ratio smaller than 1. We conclude that h(K) ≤ t(K). This together with (2) finishes the proof.
As a stronger statement, we even have the following:
Proposition 4.2. If a convex body K ⊂ E n does not have parallel boundary segments, then h(K) = t(K).
Proof. Look at the proof of Proposition 4.1. Now it may happen that P k is not contained in the interior of
Observe that there exists a non-zero vector w k such that P k is contained in the interior of K + (1/2)v k − w k . Such a vector w k should be well chosen: if v k is parallel to a boundary segment S of K, then we may take as w k a sufficiently short vector with its initial point in S, directed to an interior point of K (we apply here the fact that the boundary of K does not contain a segment parallel to S). In the opposite case, instead of w k , take the zero vector.
Thus, we get the following problem. 
Bounds on translative covering numbers.
In this section we give some upper bounds on minimum cardinalities of t-coverings.
Proposition 5.1. For every strictly convex body
Proof. Let P 1 be a parallelotope of maximum volume contained in K. Then a parallelotope P 2 , being a homothetic copy of P 1 with ratio n, contains K (see [17]).
A particular case of Corollary 2 from [16] (when we take p 1 = · · · = p n = n − 1 there) says the following. Assume that an ndimensional parallelotope P is dissected into n n equal, n-times smaller parallelotopes (being homothetical copies of P with ratio 1/n) by n families of hyperplanes, each consisting of n − 1 hyperplanes parallel to a successive pair of opposite facets of P . Then, for an arbitrary convex body K ⊂ P , there exists a family F of at most n n − (n − 2) n of the obtained n-times smaller parallelotopes which covers the boundary of K.
Taking into account both of these facts, where P 2 = P , we conclude that bd K is covered by a family F of at most n n − (n − 2) n translates of P 1 .
If P 1 / ∈ F , then F consists only of proper translates of P 1 .
If P 1 ∈ F , then we may omit P 1 , and the remaining translates of P 1 from F still cover bd K. Let us explain why. Observe that the strict convexity of K and P 1 ⊂ K ⊂ P 2 imply that P 1 has empty intersection with the boundary of P 2 and that bd P 1 ∩ bd K does not contain boundary points of P besides some vertices of P 1 . Consequently, again from the strict convexity of K and since the union of parallelotopes from F covers bd K, we conclude that each of these vertices is in at least one parallelotope from F different to P 1 . So parallelotopes from F different to P 1 cover bd K.
We see that bd K is always covered by at most n n − (n − 2) n proper translates of P 1 . Since P 1 ⊂ K, we conclude that bd K is covered by at most n n − (n − 2) n proper translates of K. By Proposition 2.1, K is also covered by some n n − (n − 2) n proper translates of K. 15] ) analogously implies t(K) ≤ 8. If K is a smooth convex body in E n , then 2 ≤ t(K) ≤ n + 1 (whereas h(K) = n + 1), and if, in particular, K is smooth and strictly convex, then clearly t(K) = n + 1. We have also 2 ≤ t(K) ≤ n + 1 if K ⊂ E n has at most n non-regular boundary points, and for n = 3 even four non-regular boundary points still yield 2 ≤ t(K) ≤ 4. On the other hand, t(K) ≤ n + 1 still holds if K has arbitrarily many non-regular boundary points which, however, have to be "not too acute," or if K has at least one shadow boundary consisting only of regular boundary points; see [5, pages 271-272]. All the bounds on h(K) hold for bodies of constant width or for convex bodies with certain symmetry properties (see again [5, pages 271-272]) and also yield upper bounds on t(K) for such bodies. Now we turn to lower bounds for the unknown upper bounds on t(K) for n ≥ 3, i.e., we ask for realizations of convex bodies K ⊂ E n with t(K) being as large as possible. It turns out that strictly antipodal sets in E n yield such lower bounds. A pair of points x, y in a set X ⊂ E n is called strictly antipodal if X lies in the slab between the parallel hyperplanes H x ∋ x and H y ∋ y with X ∩ H x = {x}, X ∩ H y = {y}. By this definition, it is clear that no proper translate of conv X can cover x and y simultaneously. Now denote by a n the maximum cardinality of a finite set X ⊂ E n with the property that any two points of X are strictly antipodal. Thus, we have with Proposition 3.1, that a n = t(conv X). Danzer and Grünbaum [8] introduced the notion of strictly antipodal points in finite sets X ⊂ E n , and they posed the question on the upper bound for a n . Grünbaum [12] proved that a 3 = 5, and in [8], a set of 2n − 1 points in E n is constructed, any two of these points being strictly antipodal. For a long time it was believed that a n = 2n − 1, but Erdős and Füredi [9] showed that a n ≥ ⌊(2/ √ 3) n /2⌋. Thus, there are convex polytopes P ⊂ E n satisfying t(P ) ≥ ⌊(2/ √ 3) n /2⌋. The exact values for a n , n ≥ 4, are still unknown, and the best known lower bound is 3 n/3 , due to Talata; see [6, Section 9.11].
If a n (X m ) denotes the number of strictly antipodal pairs in a set X m ⊂ E n of cardinality m, and a n (m) stands for the maximum of a n (X m ) taken over all sets X m , then these numbers are also interesting for our purpose, since obviously 2a n (X m ) = t(conv X m ), and 2a n (m) denotes maximum over all numbers t(conv X m ), for all sets X m of cardinality m. Results on the numbers a n (X m ) and a n (m) are summarized in [19, Section 4] .
